This paper presents an elementary and self-contained proof of an existence theorem of nal coalgebras for endofunctors on the category of sets and functions.
Introduction
Graphs are fundamental algebraic structures in computer science. Recently labelled transition systems, namely, labelled directed graphs have been considered an appropriate model for concurrent computations. It is known that graph structures are often represented by coalgebra structures [4, 6, 7] . Many kinds of coalgebras have been considered as objects with circularity in programming semantics, knowledge dynamics and situation theory (Cf. [8] ). In 1988 Peter Aczel [1] pointed out that the axiom of anti-foundation (AFA) on axiomatic set theory claims that the universal class of all sets with the membership relation is the nal graph structure on classes. Moreover Peter Aczel and Nax Mendler [2] proved a nal coalgebra theorem for set-based endofunctors. As is well-known the collection of all philosophical concepts constitutes a proper class. Thus it is natural to consider the hyperset theory based on classes for situation semantics. On the other hand the investigation of algebraic structures within the well-founded set theory (ZFC) seems to be enough for usual applications to computer science. In fact Michael Barr [3] showed the theorem of Aczel and Mendler [2] on the existence of nal coalgebras for accessible endofunctors on the category Set of (well-founded) sets and functions.
In this paper we will also discuss with the same small nal coalgebra theorem as in [3] . Some detailed analysis on trees (in other words, the subcoalgebras generated by single elements) and congruences [2] (or, bisimulation equivalences) on coalgebras are essential for our results. The discussion of the paper is elementary and self-contained.
The main theorem of the paper is as follows: The paper is organised as follows. In Section 2 we review the denition of coalgebras for endofunctors on Set, and only note that the class of all coalgebras dened on subsets of a given set forms a set. In Section 3 we recall some basic properties of subcoalgebras for endofunctors on Set. In particular, it turns out that, when the involved endofunctor preserves intersections of subsets, the notion of trees of coalgebras, which are the smallest subcoalgebras containing singleton sets, can be considered. In Section 4 we discuss congruences on coalgebras initiated by Aczel and Mendler [2] . The notion of congruences is a modication of bisimulation equivalence relations on labelled transition systems due to D. Park. The aim of this section is to show a usual fact (Cf. [1, theorem 2.4] and [2, Lemma 4.3] ) that every coalgebra has the maximum congruecne. The fact indicates that the quotient coalgebra of a weak nal coalgebra with respect to the maxiamum congruence is a nal coalgebra (Cf. 4.8) . Thus the category of coalgebras has a nal object if and only if it has a weak nal object. In Section 5 we state the main result of the paper. First we intorduce tree congruences on coalgebras using tne notion of trees. Then we show that, whenever all trees of coalgebras are bounded to a set, there is a weak nal coalgebra. Thus by the similar fashion to Aczel and Mendler [2] an existence theorem of nal coalgebras is proved. In section 6 a few examples of coalgebras which satisfy the main theorem are listed.
Coalgebras
This section denes the notion of coalgebras for endofunctors on the category Set The following lemma is a basic fact of functors on Set. Proof. Choose x 0 2 X and dene a function g : Y ! X by g(y) = x if y = f (x) for x 2 X and g(y) = x 0 if there is no x 2 X such that y = f (x). Then it is clear that gf = id X and 8(g)8(f) = id 8X , which shows that 8(f) : 8X ! 8Y is injective.2 Given a set M the class of all 8-coalgebras (A; a) such that A is a nonempty subset of M is denoted by Set M (8) . The following proposition points out that Set M (8) constitutes a set. In a category of coalgebras a nal coalgebra is a coalgebra such that there is a unique homomorphism from each coalgebra into it. A weak nal coalgebra is a coalgebra such that there is at least one homomorphism from each coalgebra into it. The purpose of the paper is to show an existence theorem of nal coalgebras for endofunctors on Set.
Subcoalgebras
This section is devoted to state the notion and the basic properties of subcoalgebras. Trees, that is, the smallest subcoalgebras containing singleton sets, play an important role to prove the main theorem of the paper. Let (A; a) be a 8-coalgebra and H a subcoalgebra of (A; a). Then it is easy to see that a subset S of H is a subcoalgebra of H if and only if S is a subcoalgebra of (A; a).
Proof. (a) Let i : H ! A and j : Hf ! B be inclusions. A function f 0 : H ! f H is dened by f 0 (x) = f (x) for each x 2 H. Then f i = jf 0 . Hence for x 2 H there is z 2 8H such that A (binary) relation on a set A is a subset of A 2 A. Hence boolean operations such as union and intersections can be applied to relations. An equivalence relation on a set A is a relation on A such that (x; x) 2 (reexive), (x; y) 2 ) (y; x) 2 (symmetric) and (x; y) 2 ^(y; z) 2 ) (x; z) 2 (transitive) for all x; y; z 2 A. Note that the identity relation id A = f(x; x)jx 2 Ag (the diagonal set of A) is an equivalence ralation on any set A.
Given an equivalence relation on A there is a surjection of A onto a (quotient) set Q such that (x; y) 2 if and only if e(x) = e(y). We call such a surjection e : A ! Q a quotient function with respect to . Since a quotient function is unique up to isomorphisms, an equivalence relation 8() on 8A is uniquely dened as follows: (u; v) 2 8() () 8 The condition 8() a in the above denition (a) is equivalent to a condition that (x; y) 2 implies (a(x); a(y)) 2 8(). Then for any u 2 B there is x; y 2 A such that f (u) = e(x) and g(u) = e(y). Moreover de(x) = df (u) = dg(u) = de(y), which means that (x; y) 2 (id R ) de . As (id R ) de 4 A by 4.3 it follows that (x; y) 2 4 A and e(x) = e(y). Hence f (u) = e(x) = e(y) = g(u), which proves that f = g. 2
The following corollary is an immediate consequence from the last theorem. First we intorduce tree congruences on coalgebras using tne notion of trees. Then we show that, whenever all trees of coalgebras are bounded to a set, there is a weak nal coalgebra. Thus by the similar fashion to Aczel and Mendler [2] 
which indicates that (i(z); jk(z)) 2 A and so ei(z) = ejf (z). Therefore it follows that 8(e)a(x) = 8(e)ai(x) = 8(e)8(i)h x (x) (i is a homomorphism.) = 8(e)8(jk)(x) (ei = ejk) = 8(e)ajk(x) (jk is a homomorphism.) = 8(e)a(y) (y = jk(x)):
The proof is completed. 2 
2
In a category of coalgebras a nal coalgebra is a coalgebra such that there is a unique homomorphism from each coalgebra into it. Combining with 4.8 and the last corollary we have the following 
